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Abstract: This paper provides a concise yet rigorous exposition of the negative
binomial distribution, which generalizes the classical binomial model to accommodate
overdispersion in count data. Owing to its derivation as a Poisson-Gamma mixture, the
distribution possesses remarkable flexibility in modeling heterogeneous stochastic
phenomena. It naturally arises in branching processes, risk theory, queueing systems, and
waiting time analysis.

We outline its key probabilistic properties, discuss parameter estimation techniques
and examine its asymptotic characteristics. The distribution's theoretical richness and
practical relevance make it an indispensable tool in stochastic modeling across various
applied domains such as epidemiology, actuarial science, and reliability engineering.

Keywords: negative binomial distribution, branching processes, stochastic processes,
Poisson and Gamma distributions, count data modeling, risk modeling, parameter
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INTRODUCTION

The negative binomial distribution is a fundamental discrete probability distribution
widely used to model count data exhibiting overdispersion, where the variance exceeds the
mean. It generalizes the binomial distribution by allowing a random number of trials before
a fixed number of successes occur, making it applicable in various stochastic modeling
scenarios; see [1]. One of the key areas where the negative binomial distribution plays a
crucial role is in the modeling of branching processes, particularly in the study of population
dynamics and genetic evolution; see [2]. Additionally, its deep connections with the Poisson
and Gamma distributions enable flexible modeling of event occurrences in epidemiology,
risk analysis, and queuing systems; see [3]-[4]. The negative binomial distribution can also
be derived as a mixture of Poisson distributions with Gamma-distributed rates, which
provides a natural framework for handling overdispersed data in practical applications; see
[5]. Beyond theoretical significance, the negative binomial distribution has extensive
applications in real-world problems, including biological studies, insurance risk assessment,
and econometrics; see [6]. Its parameter estimation techniques, including maximum
likelihood and Bayesian methods, have been widely explored to improve inference
accuracy. This paper aims to discuss the fundamental properties, parameter estimation
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techniques, and important applications of the negative binomial distribution, emphasizing its
practical significance in stochastic modeling.
Definition 1. The binomial distribution is given by

B(n,k,p) = Cp'q™*, 0J kI n, nON, 1)

where 0J pJ 1 g=1- p, C =n¥ (kXn- k)!) and N-natural numbers.

The distribution describes the probability of exactly k successes in n trials if the
probability of a success in a single trial is p. It was first presented by J.Bernoulli in a work

which was posthumously published in [7].

Example 1. If the probability of a sniper hitting the target is 0.7, then how many of the
5 bullets fired are more likely to hit the target?

The number of bullets that can hit the target is k = 0,1,2,3,4,5. Then, we have

B(5,0) = C90.7)°40.3)> ° = (0.3)° = 24340 °,

B(5,) = C; 40.7)' 40.3)> * = 5W.7Y40.3)* = 283540 °,
B(5,2) = C240.7)* 40.3)> ? = 10Y40.7)* 40.3)° = 132301.0" °,
B(5,3) = C?Y40.7)° 40.3)> ° = 1040.7)° 40.3)* = 3087010 °,
B(5,4) = C{Y40.7)* 40.3)> * = 540.7)* WD.3 = 3601540 °,
B(5,5) = C;40.7)° 40.3)* ° = (0.7)° = 16807 40" °.

According to the above relations
max {B(5,i)} =B(5,4).

i=1234,5
Definition 2. The negative binomial distribution is given by
B (nkp)=Clp'q"*, 0<kJn, nON, (2)

where C1=(n- DV (k- DYn- k).

Solution methods. The distribution expresses the probability of having to wait exactly
n trials until k successes have occurred if the probability of a success in a single trial is p.
The above form of the negative binomial distribution is often referred to as the Pascal
distribution after the french mathematician, physicist and philosopher B.Pascal. The
distribution is sometimes expressed in terms of the number of failures occurring while
waiting for k successes, N = n - k, in which case we write

B (N,k,p)=C'pg", N ON,={0}UN (3)
where

— - |

e = (N + k- D!

N+k-1 " N I[Ik- l)l '
Changing variables, for this last form, to X and k instead of p and k we sometimes
use
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= "Gk oK x o oxk oo

B(N,xkj=Clu> — __=¢V g, g,
( X,) k (X+k)N+k k‘gx+k I%X+k
The distribution may also be generalized to real values of k , although this may seem
obscure from the above probability view-point, writing the binomial coefficient as

(N+k- D(N+k- 24Y9..Yk+ Dk / n!,
Now we will calculate the numerical characteristics of the negative binomial

distribution. In the first form given above the expectation value, variance, 3rd and 4th
central moments of the distribution are

ka(p®- 6p + 6+ 3kq)
p* '
The coefficients of skewness and kurtosis (the coefficients of excess) are

E(n) = %, Var(n) = kg m = ka2- p) and m =

p?’

2-p p’- 6p+ 6
9,= —F—— and g, = ————.
1 /kq 2 kq

In the second formulation above p(n), the only difference is that the expectation value
becomes

EN) = E(n)- k= &= P)_ Ka
Y p
while higher moments remain unchanged as they should since we have only shifted the
scale by a fixed amount. In the last form given, using the parameters x and k, the
expectation value and the variance are

2
E(N)=x and Var(N)= x+ X?

Definition 3. The Poisson distribution is given by

| "e!

nt
where the parameter | is a real positive variable.

It is named after the french mathematician S.D.Poisson who was the first to present
this distribution in 1837 (implicitly the distribution was known already in the beginning of
the 18th century). The Poisson distribution is one of the most important distributions in
statistics with many applications. Along with the properties of the distribution we give a few
examples here but for a more thorough description we refer to standard text-books.

Example 2. Find the probability that at least 3 of the 1460 students in the faculty
were born on the same day.

P(n,1) = , NnON, (4)

Let p= 1/ 365 and n = 1460, | = np = 4. Then we have
2 ka- 4

PAA)=1- ¢ » 0.61, (%)
k=0

where P(A) the probability that at least 3 students were born on the same day.
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Definition 4. The Gamma distribution is given by
a(ax)b- le- ax

o (6)

where the parameters @ and b are positive real variables as is the variable X and Gb)
is the gamma function. For all positive integers, Gk) = (k- 1)!. Note that the parameter a
is simply a scale factor.

For bJ 1 the distribution is J -shaped and for b > 1 it is unimodal with its maximum
at X = (b- 1)/ a. Inthe special case where b is a positive integer this distribution is often
referred to as the Erlangian distribution. For b = 1 we obtain the exponential distribution
and witha =1/ 2 and b= n/ 2 with n an integer we obtain the chi-squared distribution

with n degrees of freedom.
Definition 5. The logarithmic distribution is given by

f(x,a,b) =

L(r.p) = - % f ON (7)

where the parameter 0 < p < 1 is a real variable.

Results and discussions. Generating functions serve as an important tool in the
analysis of probability distributions. The probability generating function of the negative
binomial distribution is given by

k
1l- gz

in the first case (p(n)) and
k

_X Kk
He) = %k + (1- z)xgj

in the second case (p(N)) for the two different parameterizations.

The negative binomial distribution exhibits several profound and practically important
connections with other classical probability distributions, which not only enhance its
theoretical value but also widen its scope of application in various fields such as reliability
theory, queueing systems, risk modeling, and biological processes. In particular, these
connections reveal underlying structural similarities and allow for insightful interpretations
in terms of mixture models, limiting behaviors, and compound distributions. For example,
the negative binomial distribution can be represented as a Poisson-Gamma mixture, which
offers a natural explanation for its overdispersion property relative to the Poisson
distribution. Furthermore, under certain parameterizations, the negative binomial
distribution converges to the Poisson distribution, establishing a limiting relationship that
bridges discrete distributions under specific conditions. In the subsequent subsections, we
systematically explore and discuss some of these fundamental connections, highlighting
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both their mathematical formulations and their implications for statistical modeling and
inference.

Theorem 1. Let N >0, k>0 and X> 0. Then
|(I(l@rrgB (N,xk) = P(N,X).

Proof of Theorem 1. In what follows, we consider the negative binomial distribution
in the form

— n ek — K x s k [
B (N,xk)=C¥ g = S gjz
( X,) k (X+k)N+k k‘%X_'_k X + k
N K (8)
_ N x/ k gj xK o1 gj
N+k 1L%[1+ x/ Kk 1+ x/ k
Then we have
N+k-1! kN
v, = (N*ke Dig ko
N+k-1 Nl({k_ l)l N' (9)
x 1 % x/k i
® e % YV ® xN as k®T
g{l+ X/ kgj and 1+ x/ kgj * ' (10)

From the combination of relations (9) and (10) above, we obtain the proof of the
theorem.
Theorem?2. Letz=N/ Xand k<< x® I .Then

f(z,k,K)
X

nlg@rp B (N, xKk) =
Proof of Theorem 2. By substituting z = N / X in equation (8), we have
ZX K
dN XK x/k x o1
B (z,x,k) = B (N, x,k) — = xC%* -
@ xk) =B (Nxk) G = o l+x/k§1‘%1+x/k§1
ZX Kk
- - X X
_ (zx+ k- DEx+ k- U Yzx+ 1) ka% 1 gj ,_%k 1 g}®
ak) 1+ k/ x + X
® kg2 g 1 gz:ml gkf
Gk) #l+k/x ‘gk + X
Zk- 1kk K zk- 1kke-kz

ZX k
1 K x
T QK ‘§1+k/xg,1§k+xgl® aK)

(11)
where we have used that [x/ (k + x)I ® 1 and
P 1 gzlx®8'kz as N® I 12
g{l+ k/ x ' (12)

40



“DUNYO TA’LIMI SIFATINI OSHIRISHNING ILG‘OR USULLARI
ILMIY JURNALI”

5-Iyun, 2026-yil
Thus, it has been demonstrated that as n ® I and under the condition X>> k, the
limiting distribution of the variable z converges to the Gamma distribution. The proof is
completed.
Theorem 3. Let L(N,p)- the logarithmic distribution. Then

limB" (N, x k) = LN, p).
Proof of Theorem 3. The probabilities for N O N, are given by

{p(0), p(D), p@)...}= P %L kq, k(k + Dg®/ 21,..}
if we omit the zero class and renormalize we get

k
kqu{o, q (k+ D2/ 21,..}

and if we let K ® O we finally obtain

1
- I—‘il{O, q 9>/ 2..},
np

where we have used that
p" 1

U a—
1- p Inp

which is easily realized expanding p ¥ = exp{- kInp} into a power series. This we
recognize as the logarithmic distribution

N
L(N,p) = - |1 ol P
np N

thus we have shown that omitting the zero class and letting k ® O the negative
binomial distribution becomes the logarithmic distribution. It is a limiting form of the
negative binomial distribution when the zero class has been omitted and the parameter
k ® 0. The theorem is proved.

Appendix. In our subsequent work, we intend to explore the relationship between the
negative binomial distribution and the theory of branching processes in greater depth.
Specifically, we will examine a process wherein branching transitions from a Poisson
distribution to a logarithmic distribution. In such cases, one of the most elegant and
effective methods for deriving the resulting distribution is through the application of
probability generating functions. The probability generating functions corresponding to the
Poisson distribution with mean parameter m and the logarithmic distribution with parameter

p are presented in expression

G, (z) = exp{nz- D} and G (2) = H: aln(l- zq),

where m> 0, 0J qJ 1 and a = 1/ Inp. For a branching process in n steps
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G(2) = G,G,(..G, ,G,(2)...)),
where G, (z) is the probability generating function in the k th step. In the above case

this gives
k

G(2) = G,(G, () = exp{na In(L- z)- H}= —FP—
(1- zq)

where we have put k =-am. This expression can be readily recognized as the
probability generating function corresponding to a negative binomial distribution with
parameters k and p. Consequently, we have demonstrated that a Poisson distribution with

mean m, when subjected to branching governed by a logarithmic distribution with parameter
p, results in a negative binomial distribution characterized by parameters
k=-am=-m/Inp and p or x=kq/ p. Conversely, any negative binomial distribution
with parameters k and p (or x) can be interpreted as arising from a compound process
involving a Poisson distribution with parameter m=-klnp=klIn(1+ x/ k) and a
logarithmic distribution with parameters p and x/ m; see [8]-[10].

Conclusion. The negative binomial distribution is a crucial tool in probability theory
and statistical modeling, especially for count data with overdispersion. Its connections with
the Poisson and Gamma distributions provide flexibility in various applications, including
branching processes, epidemiology, and risk analysis. The distribution’s parameter
estimation techniques enhance its usability in real-world problems. By exploring its
fundamental properties and applications, this study highlights the significance of the
negative binomial distribution in stochastic modeling and encourages further research on its
advanced applications.
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